6 Practical engineering applications of open channel flow modelling involve geometric terms 7 arising from variations in channel shape, bottom slope and friction. This paper presents the 8 family of schemes that satisfy the generalised C-property for which static equilibrium is a 9 particular case, in the framework of one-dimensional open channel flows. This approach, 10 named Auxiliary Variable-based Balancing, consists of using an auxiliary variable in place of 11 the flow variables in the diffusive part of the flux estimate. The auxiliary variable is defined 12
The purpose is to solve 2×2 hyperbolic systems of conservation laws in the form
where U, F and S are defined as
where A is the cross-sectional area, g is the gravitational acceleration, M is the specific force, 96 P is the pressure force exerted on the wetted cross-sectional area, S 0 and S f are respectively water (if the channel is non-prismatic) and ρ is the water density. 99 The forces P and R are derived from the assumption of a hydrostatic pressure distribution 100 and obey the following definitions [14] :
where W (z ) is the width of the channel at the elevation z, h is the water depth (that is the
where n M is Manning's friction coefficient, u = Q/A is the flow velocity and R H is the 107 hydraulic radius, defined as the ratio of the cross-sectional area A to the wetted perimeter 108 χ, yielding 109 S f = n 2 M Q 2 A −10/3 χ 4/3 (6)
It is noted that the Jacobian matrix A of F with respect to U is given by
where the speed c of the waves in still water is defined as
where b = W (ζ) is the top width of the channel. The matrix A can be diagonalized into a 112 matrix Λ defined as:
The problem is assumed to be properly posed hereafter, that is, the initial and boundary 114 conditions are specified such that Eq. (1) can be solved uniquely for U at all points of a 115 computational domain [0, L] for all times t > 0. where the subscript i denotes a cell average, subscripts i± 1 2 denote estimates at the interfaces 119 between the computational cells, the superscript n indicates that the variable is estimated 120 a time level n, and the superscript n + 1 2 denotes an average value between time levels n 121 and n + 1, and where ∆x i is the width of he computational cell i. In explicit schemes, the 122 variables with superscripts n + 1 2 are computed using the known values at the time level n; 123 in implicit schemes, the unknown values at the time level n + 1 are used. 124 In what follows, non-prismatic, trapezoidal cross-sections are considered. The reason for 125 this is that in all commercial open channel packages, the channel geometry is discretized into 126 a series of trapezia. Consequently, the capability to deal with trapezoidal cross-sections is 127 seen as an indispensable prerequisite to a generalisation of the method to arbitrary-shaped 128 channels. Note that rectangular and triangular cross-sections are obtained as particular 129 cases of the proposed approach, as illustrated by a number of computational examples in 130 Section 5. 131 The geometric parameters of the cross-sections are defined at the interfaces between 132 the computational cells. They are interpolated linearly within the cells. Consequently, the 133 geometry is continuous at the cell interfaces. Assuming non-prismatic trapezoidal channel 134 geometry, the width W (x,z ) at a given abscissa x and elevation z takes the form
where W 0 (x) is the bottom width of the channel at the abscissa x, W 1 (x) is the derivative 136 of W with respect to z and z b is the bed elevation at the abscissa x. As mentioned above, 137 W 0 , W 1 and z b are assumed to vary linearly with x within the cells. In the cell i, one has:
where the superscript (x ) denotes the derivative with respect to x :
The cross-sectional area A is given as the integral of W between the bottom level and 140 the free surface elevation:
where h(x ) is the water depth at the abscissa x. Assuming that the free surface is horizontal 142 in the cell i (which is true in the case of the first-order Godunov scheme), the average cell 143 value A is given by
Flux calculation 148
Approximate Riemann solvers provide flux formulae that can be recast in the following 149 form, derived from [17]:
where L and R denote respectively the left and right states of the Riemann problem, a is a 151 coefficient between 0 and 1 and D is a diffusion matrix that contributes to stabilise the nu- The momentum source term is discretized explicitly.
161
The friction source term is computed by applying explicit estimates to the terms in 162 Eq. (6): 
Given the definition (Eq 11) of the channel width, and the specific pressure force P ρ 168 (Eq. 3), one has
The value of the specific pressure force at the interface i − 1 2 is then easily computedas Eq. (10): 
where D 11 and D 12 are the components on the first row of the artificial viscosity matrix D.
188
Eq. (27) can be rewritten as
Assume that the discretized solution has reached steady state. If the geometry of the approach, the opposite approach is followed: the formulation of the flux gradients is adapted 202 to that of the source term. The AVB method is based on the following requirements: (i) the artificial viscosity term state. The second issue has been addressed in subsection 2.4 (source term discretization); 210 the first issue is dealt with in the following subsections.
211
AVB uses an auxiliary variable V in the expression of the artificial viscosity term:
where V is a function of both the variable U and the parameter ϕ, V = V(U, ϕ). The dif- 
Condition (C1) is the so-called enhanced consistency condition for steady state flow, which is the desired property for scheme well-balancing. Condition (C2) means that the strengths of 219 the artificial viscosity terms in Eqs. (20) and (29) are identical, thus preserving the stability 220 properties of the numerical solution. The pending question is the determination of D V .
221
It is observed that the artificial viscosity terms in Eqs. (20) and (29) are approximations 222 of the following derivatives: gives:
Consequently, D V is given by Since dA = bdζ, one has from the definition of U in Eq. (2):
This leads to the following artificial viscosity term:
Note that in the case of the SWE, b = 1 and Nujic's [33] approach is retrieved.
238
This option has the drawback that steady state, uniform flow cannot be maintained variable V in differential form as
where the source term S M is computed in average between the centres of the left-and 256 right-hand cells. It is simply estimated as the average of the cell values given by Eq. (26a).
257
Practical implementations [18, 30] indicate that in the neighbourhood of critical points,
258
Eq. (41) induces a downwinding of the discharge and a discontinuous switch between sub-259 critical and supercritical flux formulae. Due to this, a different formula is proposed
This leads to
and the following artificial viscosity term is obtained
This expression, however, remains invalid at critical points, for which c 2 = u 2 . As 263 proposed in [6], in the case of 1D SWEs on rectangular channel, the final estimate for dV 264 is the minmod of the estimates given by the specific force option and the original approach:
where dV is defined by Eq. (42) and the minmod operator by:
Balancing option 3: hydraulic head 267
In this option, presented in [25] (for 1D SWEs on rectangular channel), the hydraulic
is used as auxiliary variable:
For the same reasons as Option 2, the following variation is proposed for Option 3:
The Jacobian matrix of V with respect to U is given by:
As in option 2, this expression is not valid at critical points for which F = 1, the final 275 estimate for dV is thus
where dV is defined by Eq. (50).
277
Note that if a singular head loss ∆H s is to be introduced, it can also be taken into 278 account in the artificial viscosity term: 
where I is the identity matrix and λ − , λ + are respectively estimates of the fastest waves 283 λ (1) and λ (2) defined in Eqs.. (9b, 9c) in the direction of negative and positive x [15, 17]: 
whereÃ ± is the matrix generated by the absolute values of the eigenvalues of A:
leading to the following expression forÃ ± : 290Ã ± = a 11 a 12 a 21 a 22 (60a)
In Roe's approach [34], the eigenvaluesλ (1) = (ũ −c) andλ (2) = (ũ +c) in the diagonal 291 matrix Λ are obtained from Roe's averages [21, 22] :
The Q-scheme uses the same formula as Roe's formula, except that the matrix A in 295 Eq. (58) is estimated from the average of the left and right-hand cells
yielding to the following approximation for the eigenvalues: In this test case, the various AVB options are applied to steady state flow in a prismatic, 314 rectangular channel (i.e. with a constant value of W 0 and with W 1 = 0) including friction. A 315 transient simulation is carried out from an initial state at rest until steady state is obtained.
316
The parameters of the test case are given in Table 1 . where α is arbitrarily chosen to α = 5 in this case, but can be estimated from any empirical 331 law. Figure 3a presents results using HLL solver. Each option provides a good estimate of at 75% of the channel length). This is a frictionless test case, the parameters of which are 342 given in Table 2 . As for the first test case, a transient simulation is run for a sufficiently The channel profile is shown in Figure 6 . It presents two simultaneous reductions of the frictionless test case are given in Table 3 .
363
The simulated free surface elevation z, hydraulic head H and discharge Q, obtained 364 with the three AVB options and the three solvers are given in Figure 7 . In this case again, 365 all three AVB options provide improved solutions compared to that given by the initial 366 formulation, for which the transition from subcritical to supercritical conditions (and vice-367 versa) is observed to induce strong variations in the estimation of the discharge. This 368 statement however is to be moderated concerning Option 2 combined with HLLC solver 369 that also yields such variations. In a largely lesser extent, option 1 also exhibits some small 370 variations in the discharge. Moreover, it can be seen that the abscissa of the hydraulic jump 371 is not exactly located using Option 1 with Roe's solver or Q-scheme, with an increase in 372 hydraulic head upstream the jump. In the experiment, steady state was obtained under a discharge of 40 litres per second.
384
The elevation of the free surface along the walls and axis of the channel was measured every 385 5 cm. Figure 9 shows numerical results obtained with Roe's solver and the different AVB Besides, the curvature of the simulated free surface profile is wrong. These results invalidate 393 the shallow water assumption of a hydrostatic pressure distribution but this is beyond the 394 scope of the present paper. 395
Transient test cases 396
There is no guarantee that an accurate well-balanced approach for steady state flows, problem is a Riemann problem defined as:
The solution is made of a rarefaction wave and a moving shock separated by a region of 406 constant state. For the dam-break problem without source terms (friction or bottom slope), 407 the profile obeys the following equations in the rarefaction wave
from which the expression of the flow solution U is straightforward using A = c 2 /g and 410 Q = uA. In the other parts of the domain, the profile is piecewise constant (see [36] for 411 more details).
412
The parameters used in this test case are given in Table 4 . Profiles of free surface 413 elevation, hydraulic head and discharge, obtained with the initial formulation and the three 414 AVB options are given in Figure 11 for the three solvers. Contrarily to previous test cases, 415 the discharge Q is correctly estimated by each option included initial formulation except 416 for the combinations HLL/Option 2 (Figure 11b ) and Q-scheme/Option 3 (Figure 11d ).
417
For these latter, the free surface elevation and hydraulic head are discontinuous accross the Since the analytical solution is available for the dam-break problem, a convergence ana-421 lysis is performed on this test case using the three AVB options and HLL solver. Figure 12 422 shows that options 1 and 3 have almost the same convergence as initial formulation (slightly 423 faster for Option 3), and confirms the non-convergence of Option 2 used with HLL solver. a triangular shape. The parameters of the test case are the same as given in Table 4 for 428 Test 5 except that W 0 = 0 and W 1 = 2 in the whole domain.
429
The analytical solution is givent by [25] :
where the subscript * denotes the intermediate region of constant state. 
from which A and Q profiles can be determined.
443
Results of water elevation z, hydraulic head H and discharge Q, obtained with the three 444 AVB options and the three solvers are given in Figure 13 . In this case again, Roe's solver 445 gives satisfactory results with the 3 options as well as the initial formulation. However, 446 very strong discontinuities at the critical point can be seen with Option 2 and 3 combined 447 with HLL solver and Q-scheme, yielding to an underestimation of the maximum discharge.
448
Moreover, the shock is incorrectly located with Option 2/HLL. The parameters of this test case are given in Table 5 . A bottom step of 5 m is located at 451 the same abscissa as the initial water depth discontinuity. The analytical solution (that can 452 be found for example in [1, 5] ) as well as results obtained with the three AVB options and 
